Abstract-Objective: This paper presents the 3-D kinematic modeling of a novel steerable robotic ablation catheter system. The catheter, embedded with a set of current-carrying microcoils, is actuated by the magnetic forces generated by the magnetic field of the magnetic resonance imaging (MRI) scanner. Methods: This paper develops a 3-D model of the MRI-actuated steerable catheter system by using finite differences approach. For each finite segment, a quasi-static torque-deflection equilibrium equation is calculated using beam theory. By using the deflection displacements and torsion angles, the kinematic model of the catheter system is derived. 
I. INTRODUCTION
C ATHETER ablation is a widely performed interventional procedure for the treatment of cardiac arrhythmia [1] , [2] . During the procedure, the physician typically inserts a catheter into the femoral vein, and guides it into the right atrium, then penetrates it through the atrial septum into the left atrium, [4] as shown in Fig. 1 . The catheter tip reaches the desired area required by operator, such as, the ostia of the pulmonary veins (see Fig. 1 ), and applies radio frequency energy to build ablation barriers to prevent the spread of the irregular electrical signals. During the past decade, robotic-assisted catheter ablation has increasingly gained many researchers' interest, due to its premise of stable manipulation of the catheter, precise navigation, and dexterous control of the catheter tip, potentially leading to shorter procedure times, and improved efficacy [3] . This paper presents the 3-D kinematic modeling of a steerable robotic ablation catheter system actuated by a novel actuation method, which uses the magnetic field of a magnetic resonance imaging (MRI) scanner. In this actuation method, which was originally proposed by Roberts et al. [5] and also investigated by Gudino et al. [6] , the catheter is embedded with a set of currentcarrying microcoils. The catheter is actuated by the magnetic forces generated by the magnetic field of the MRI scanner on these coils, by controlling the amount of current going through 0018-9294 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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the coils. The kinematic configuration of the catheter and the deflection under force and torque loads are modeled using a finite differences approach. The deformation of each segment in the finite differences model is computed using beam theory under mechanical equilibrium conditions. The direct kinematic model is built by using these models. During catheter ablation procedures [2] , the catheter needs to access arbitrary locations on the inner surface of the heart chamber from a single entry point on the atrial septum, requiring large deflections. Additionally, the catheter needs to perform complex motions for electrophysiological mapping and ablation, such as for creating continuous scar tissue barriers around the ostia of the pulmonary veins (see Fig. 1 ). In order to have the necessary workspace to perform these motions and to avoid motion singularities, the catheter needs to be actuated with multiple triaxial coil sets located at multiple places along its shaft [7] . Loading from different combinations of magnetic torques on these coil sets would lead to complex deflections with nonuniform curvature.
Our preliminary validation of the catheter's deflection motion model was presented in our conference paper [4] . Liu and Cavusoglu [4] introduced the analytical model, but relied on a limited set of experimental data from an earlier study by Gudino et al. [6] , which employed a preliminary proof-of-concept catheter prototype for validation. This paper has been substantially extended [4] , with an improved catheter prototype, a new and more comprehensive set of experiments and a more detailed analysis. Specifically, in this paper, a more sophisticated and realistic catheter prototype, which has two embedded triaxial coil sets, was used for the validation experiments. Additionally, all combined deflection motions generated by different combinations of magnetic torques were comprehensively validated.
The rest of the paper is organized as follows. Related studies in the literature regarding magnetically steerable catheter systems and catheter modeling are discussed in Section II. The modeling of the active catheter is presented in Section III. The experimental methods are described in Section IV. The validation of the proposed model is presented in Section V. The discussion and conclusion are presented in Sections VI and VII.
II. RELATED STUDIES
There are several types of active catheters proposed in the literature employing different actuation methods [3] , including pull-wire actuated catheters [8] - [12] , shape memory alloy actuated catheters [13] , [14] , and magnetically actuated catheters [5] , [6] , [15] - [17] .
Magnetic actuation is one of the active and growing actuation methods employed. A review of the different remote control catheter navigation approaches under MRI is presented in [18] . The magnetic implants (permanent magnets, electromagnetic coils, or ferromagnetic beads) on the catheter tip directly drive the catheter to deflect, without the mechanical transmission problems that exist in other actuation methods which place the actuators outside patient body. The magnetic actuation increases the bandwidth of the system by reducing backlash and friction.
In general, there are three ways of using magnetic actuation for catheter's navigation. The first method is to place a permanent magnet on the catheter tip and stay in an external magnetic field. The Niobe ES magnetic navigation system (Stereotaxis, St. Louis, MO, USA) utilizes two permanent magnets mounted on two pivoting arms located on either side of the surgical bed to navigate the catheter [15] . The catheter, which has a permanent magnet mounted on its distal tip, is placed in the external magnetic field created by the two external permanent magnets which can selectively change directions and magnitudes. The attraction and repulsion of the magnetic forces are then used to deflect the catheter as desired. The second method replaces the permanent magnets with ferromagnetic materials. Gosselin et al. [16] showed that a catheter with ferromagnetic beads attached on its tip can be bent and steered inside an MRI system by using magnetic gradients. The third approach is to utilize the physical phenomenon that a current-carrying electromagnetic coil in an external magnetic field is able to produce a magnetic torque. Roberts et al. [5] , Settecase et al. [17] , and Gudino et al. [6] , separately demonstrated that a catheter with an array of current-carrying coils mounted on its distal tip can perform an arbitrary 3-D deflection inside a clinical MRI scanner.
There are a number of earlier studies on modeling of a catheter under a combined loading. Generally, there are two methods studied in the literature. The first method is to treat the deflected catheter as a cantilever beam under a combined load. Large deflection models of the cantilever beams in a 2-D plane are proposed in the field of mechanics of material [19] - [21] . One end of the cantilever beam is fixed and the other end is free. Both Settecase et al. [17] and Lillaney et al. [22] , modeled the catheter with one axial coil on its tip as a cantilever beam by equaling a torque induced by the magnetic moment of the current-carrying coil interacting with the magnetic field of the MRI scanner to the mechanical restoring torque of the catheter. Gosselin et al. [16] modeled a catheter with several ferromagnetic beads attached on its tip in a clinical MRI scanner as a Euler-Bernoulli Beam of uniform flexural rigidity. Khoshnam et al. [11] modeled the distal section of a catheter by using beam theory. However, these traditional beam theories are not directly extendable to the 3-D catheter deflections as well as torsions. The beam theory cannot solve the problem with large deflection angles. Additionally, Cotin et al. [23] assumed the catheter is composed of wire-like segments and developed an incremental finite element model based on beam theory.
The second method is to model a catheter in a static equilibrium by locally minimizing its total potential energy. Lawton et al. [24] used rotation group and its algebra to derive the Euler differential equations that described the equilibrium configurations of the catheters through potential energy relations. Furthermore, Tunay [25] developed a simpler quasi-3-D Lawton's model. An extended model including inflation, bending, twisting, extension, and shear deformation by locally minimizing the total potential energy of the catheter, was proposed by Tunay in [26] . Similarly, Rucker et al. [27] used the stored elastic energy in the backbone of an active cannula to model the combined motion of bending and torsion motions. This paper proposes a new approach combining finite differences approach, beam theory, and rotation groups to analyze the catheter's 3-D deflection motion. The model incorporates the bending and torsion motions. First, the catheter is approximated to be composed of a set of finite segments. The deflection problem of each small segment is assumed to have small deflection angles, and solved by the beam theory and the Bernoulli-Euler law. Once each segment's deflection angles and torsion angle are known, the positions of all the points on this segment can be found. Considering each segment as a continuum robotic link bending with constant curvature, the homogeneous transformation relationship between the two ends of the segment is calculated. The mechanical equilibrium equations of each segment are then set up to relate the deflection angles of each segment to the link force and torques.
In addition to the tip position, proper control of the catheter requires accurate estimation of the coil orientations, as the actuation torques depend on the orientation of the coils relative to the magnetic field direction [as given by (4) and (12) in Section III-B]. However, in [11] , [16] , [17] , [22] , only deflection angles of the catheter tip were used to validate the models with the experimental data. In this study, both the estimated catheter tip positions and the estimated shapes of the catheter are compared with the experimental data for validating the proposed model.
The contribution of this paper is to provide a kinematic model of a magnetically actuated catheter, which is subjected to the external torques and forces acting on multiple locations. The proposed model is extensively validated in hardware experiments using an MRI, which demonstrated a good agreement between the model predictions and the measurements of the actual catheter deflection. An effective kinematic model paves the way to efficient control of the robotic catheter system. The proposed model cannot only be applied to catheters, but also to the kinematic modeling of other continuum robots which have emerging medical applications.
III. METHODOLOGY

A. Active Catheter Description
The catheter prototype with a fixed end at its base is placed in a uniform magnetic field (see Fig. 2 ). The catheter prototype is constructed by embedding two sets of the current-carrying coils to a microcatheter (a polymer tube). Each set of coils includes one (or more) axial coil, and two (or more) orthogonal side coils. The catheter is subjected to a combined loading from the weights of catheter and steering coils, and buoyancy from the fluid inside the left atrium. When the coils are excited, it will be additionally subjected to two sets of external magnetic torques from the coils.
Several assumptions are used: 1) the catheter is made of a linear material, which is homogeneous and isotropic, 1 2) the shear stresses are negligible, 2 3) the catheter is nonextensible and the strains remain small, 4) the Bernoulli-Euler hypothesis is valid, 3 and 5) the bending motion and torsion motion are linearly independent.
The focus of this paper is to model the deflection motions of the catheter inside the left atrium (see Fig. 1 ). In the ablation procedure, the catheter accesses the left atrium by penetrating through the atrial septum from the right atrium. This penetration results in substantial friction at the entry location. Therefore, the catheter can be assumed to be fixed to the atrial septum.
B. Modeling of Catheter Deflection Mechanism in Free Space
As classical beam theory cannot solve large deflection problems, such as, of a long catheter, this paper employs a finite differences approach to analyze the deflections by dividing the catheter into N short segments (shown in Fig. 3 ). Each segment has two coordinate frames attached to its two ends. Observed from left to right, the frames are specified as frame 1, frame 2,. . ., frame N , and frame N + 1. The coordinate frame 1 is catheter's base frame. Here, the rotation matrix R and the rigid body homogeneous transformation g are used to represent the transformation relationship between any two frames.
In T . Hence, the total magnetization vector relative to frame N + 1 is as follows: where N j represents the number of turns in the coil j, A j is the area enclosed by each turn of the coil j, and i j is the current through the coil j. Similarly, − → μ 4 , − → μ 5 , and − → μ 6 represent the magnetization vectors of coil 4, coil 5, and coil 6 relative to frame S. Therefore,
1) Equilibrium Configurations of the Individual Segments:
As the catheter is only virtually divided into finite segments, each segment is still affected by the interactive forces and torques from its neighboring segments. Therefore, each segment's equilibrium configuration is analyzed in an appropriate order. This paper starts from the N th segment to the first segment.
The N th segment (shown in Fig. 3 ) is embedded with an array of the active coils. The free-body diagram of the segment (shown in Fig. 4) shows that the forces and torques on the two ends of the segment realize an equilibrium configuration, individually. As it is shown in Fig. 4 , frame N and frame N + 1 are located at the proximal and distal ends of the segment, respectively. At the distal end, the force F N +1 and the torque M N +1 can be represented relative to the frame N + 1,
where W d 1 is the total weight of the distal coil set, 4 and R N +1,1 represents the rotation matrix between the frames N + 1 and 1. The cross product of the magnetization vector μ N+1 and the magnetic field vector transformed from frame 1 to frame N + 1 computes the magnetic torques generated on the coils with respect to the frame N + 1.
According to the equilibrium conditions, the force F N and the torque M N on the left side are computed as
where W , assumed as a lumped force, represents a combined force of the weight of the catheter segment and the buoyancy from the fluid, P N ,N +1 represents the vector between the frame 
Similarly, for the rest of the segments except the S th segment, the force and torque equilibrium equations can be written for the K th segment, K ∈ {N − 2, . . . , S + 1, S − 1, . . . , 1}, as
The equilibrium conditions of the S th segment due to the magnetic torques from the proximal coil set are
where W p 1 is the total weight of the proximal coil set relative to the base frame 1.
2) Deflection Modeling of the Individual Segments: The deflection of each segment is subject to two bending motions in its X and Y axes (shown in Fig. 6 ), and the torsion motion around its Z-axis (shown in Fig. 7 ). in YZ plane is assumed to be a uniform circular curve. The two line segments AB and CD represent the intersection of the YZ plane with the two planes perpendicular to the neutral axis of the segment. The extensions of AB and CD intersect at point O 2 , the center of the circularly deformed segment covering an arc of θ x radians. The radius from the center O 2 to the neutral axis is represented by Γ x . The curve "ab" is at a distance y from the neutral axis on the positive Y-axis. s represents the arc length of the neutral axis.
As the segment has a small deflection, we can approximate
where z is the length of each segment. So the geometry of the sector is
The relation of the arc length of ab and the strain of this segment, and the stress-strain relation from Hooke's law, can extend (14) to yield
Similarly, the deflection in the XZ plane (shown in Fig. 6(b) ), can be calculated as
Therefore, the normal stress can be calculated as
following an analysis similar to [28] , where I x and I y are the area moments of inertia of the segment cross section with respect to the X-and Y-axes, respectively, and I xy is the area product of inertia of the segment cross section. The bending angles θ x and θ y can be respectively represented as a function of torques applied M x and M y using (15), (16) , and (17) with x = 0 and y = 0, Fig. 7 shows the torsion motion of the catheter subjected by the torque vector M z along the Z-axis. The torsion equation is
where θ z is the torsion angle, G is the shear modulus, and J is the polar moment of inertia [28] . Algebraically, (18) and (19) can be arranged into a matrix form as
where
Given the coil currents i j (j = 1, . . ., 6), the simultaneous numerical solution of the deflection model (20) for all of the segments together with the mechanical equilibrium (3)- (12) would yield the deflection and torsion angles for all segments.
Given the deflection angles, the kinematics of each segment can be treated as a 3-DoF continuum robotic link defined by the differential equation [27] , [29] ,
where the deformed shape of the segment is described by a coordinate frame g(s) ∈ SE ( 
where Rodrigues' formula [30] gives 
IV. EXPERIMENT DESCRIPTIONS
A. Description of Catheter Prototype
The catheter prototype used in the experimental validation is embedded with two current-carrying coil sets, namely, a proximal coil set and a distal coil set, as shown in Fig. 8(a) . Each coil set includes one 130-turn axial coil and two 30-turn side coils. The two side coils are bound as an X-shaped cross and secured tightly by the axial coil, such that the net magnetization vectors of the X-shaped configurations are along the desired orthogonal directions.
The coils are made of heavy insulated 38-gauge electromagnetic wires with enameled copper (Adapt Industries, LLC, Salisbury, MD, USA). They are built over a silicone tubing (Part number: T2011, QOSINA, Edgewood, NY, USA). The outer diameter of the tubing is about 3.18 mm and the inner diameter is about 1.98 mm, as shown in Fig. 8(b) . The resulting length of the catheter is 158.00-mm long. The diameter of the axial coil is around 4.45 mm. The lengths of the proximal coil set and distal coil set are around 18.55 and 19.05 mm, respectively.
The angle between the tilted side coil and the vertical axis is around 30
• .
B. Experiment Setup
The experiments are conducted inside a 3T clinical scanner (Skyra, Siemens Medical Solutions, Erlangen, Germany), as shown in Fig. 9(a) . The catheter prototype is immersed in a phantom filled with water which is placed at the isocenter of the MRI scanner. Fig. 9(b) shows the sideview of the experiment setup. The prototype is mounted vertically to an aquarium tank. The clamp for fixing one end of the catheter is made from plastic parts. The global coordinate frame and the tip coordinate frame are attached to the catheter's base and tip. The Z-axis of the global coordinate points along the direction of the catheter. The X-axis points against the direction of the magnetic field. In the zero configuration of the catheter, 6 the axes of the global and tip coordinate frames are aligned. The direction of the magnetic field points horizontally from left to right. The direction of the gravitation points vertically down. Additionally, Fig. 9(b) shows the horizontal component of flux coming from the X-shaped side coil, which is parallel to the direction of the magnetic field.
The cables of the coils are connected to a current amplifier circuit box which stays outside the MRI room. The current for each coil is modulated independently by pulse width modulation (PWM). In this paper, the upper limit for the amplitude of the current for each of the coils is set to 200 mA.
C. MRI Image Acquisition Process
MR images were acquired using a 3-D FLASH sequence. Imaging parameters were adjusted for sufficient tip and shaft visualization to measure deflection: repetition time (TR) = 5.10 ms, echo time (TE) = 2.53 ms, flip angle = 5, in-plane resolution = 2.19 mm × 2.19 mm, matrix = 128 × 84 to 128 × 128, field-of-view = 280 mm × 183 mm to 280 mm × 280 mm, partition thickness = 5 mm, bandwidth = 795 Hz/pixel. A total of 32 partitions were collected per slab, although the catheter may have appeared in only a few. DICOM images 7 were reconstructed at the scanner, and no further postprocessing was performed on these images.
The catheter was detectable by signal voids, caused by local field distortion, surrounding the coils when the coils were driven with current. When the catheter was neutral (no current driven), the catheter was visible due to displacement of water by the catheter [31] .
The MRI scanner scans the catheter after waiting for a set amount of time (a few seconds) from the application of the excitation currents. In this amount of time, the steady state of the catheter is reached when the vibrations of the catheter resulting from actuation die down. The duration of the vibrations is visually observed. Fig. 10(a) shows an example of the catheter's deflection in an MR image from a single cross-sectional image plane. The two In order to visually compare the actual deflection of the catheter with the estimated deflection by the model, the MR image is loaded into MATLAB. The detected shaft of the catheter is approximately identified by manually selecting a series of markers from the centers of the visualized catheter shaft. For example in Fig. 10(b) , the blue circles represent the shaft of the catheter in the MR image. Then, these blue circles are then fitted to a smooth curve (shown as a red polynomial curve in Fig. 10(b) ) by using polynomial curve fitting as a representation of the actual shape of the catheter. The red stars on the curve represent the end points of each segment on the catheter which are used in the model. The yellow dashed curve represents the estimated shape of the catheter from the model. The green cross markers represent the end points of each segment.
D. Actual Deflection Measurement
In Fig. 10(b) , another red solid curve and yellow dashed curve corresponding to the initial shape of the catheter when no currents pass any coils are manually imposed for illustrating the deflection measurement method. Specifically, the lateral distance between two tip locations marked in a red star represents the actual deflection distance of the catheter. The lateral distance between the estimated tip location marked in a green cross and the actual tip location marked in a red star is the tip deflection error. The lateral distance between a pair of two corresponding segment points from the actual shape and the estimated shape gives the error in the catheter's shape estimation for this point. A root-mean-square (RMS) error is calculated by using all these segment errors to evaluate the performance of the model. In this paper, the shape of the catheter is measured using a single (cross sectional) image plane. Therefore, all lateral distances and the deflection errors are calculated in 2-D.
V. RESULTS
A. Experimental Results
The purpose of the hardware experiments is to validate the presented catheter deflection model by exciting the coils in a large range of current values so as to cover as much of the workspace as possible. However, it would not be practical for a physical experiment to perform an exhaustive search (i.e., exciting with every possible current combination). Therefore, a total of six different sets of experiments were performed for validation of the model. Each experimental excitation set corresponds to a different excitation pattern for the coils resulting in qualitatively different deflections of the catheter. These experiments can be categorized into two groups:
1 and negative currents for the distal side coils. These experiments implemented all the excitation patterns of the coils for the catheter to perform planar motions.
In each experiment, two coils were excited sequentially by gradually increased currents. Table I lists the actual currents for each coil in each experiment. The Current Index represents every step in each experiment. The Index 0 represents the initial configuration of the catheter without any current passing through any coil. In some experiments, the currents were not increased up to the amplitude limit as the catheter tip would collide with the wall of the aquarium tank when the currents were too large.
Figs. 11-16 show the actual deflected shapes of the catheter in the experiments listed in Table I . The red fitted curves represent the actual shapes of the catheter. For example, Fig. 11 shows a series of the sequential deflections of the catheter by exciting the proximal and distal axial coils with positive currents (refer to Case 1-a in Table I ). With the increasing axial coil currents, the sizes of the two artifacts are becoming larger. As the positive currents for both axial coils produce counterclockwise torques, the catheter is deflected counterclockwise. Fig. 11(a) shows the initial configuration of the catheter when the Current Index is 0 in Table I . In Case 1-d, both currents are reversed, resulting in a clockwise deflection.
In Cases 1-a and 1-d, the catheter is deflected to one direction as both axial coils produce the magnetic torques in the same direction. Therefore, in Figs. 11 and 14 , the tip of the catheter almost collides the wall of the tank. In Cases 1-b and 1-c, the directions of the torques on the two axial coils are opposite; so the proximal section of the catheter is deflected in the opposite direction of the distal section of the catheter as shown in Figs. 12 and 13. Specifically, in Case 1-b the proximal section deflects in clockwise direction and distal section in counterclockwise direction, and inversely in Case 1-c. In Cases 2-a and 2-b, the side coils are excited to deflect the catheter further or less (respectively) from the deflection generated by the excitation of the distal axial coil with 200 mA. A video attached to this manuscript demonstrates the catheter motions inside the MRI scanner. The experimental setup in the video is slightly different from the setup shown in Fig. 9 . A mirror is placed next to the aquarium tank for displaying the side motions of the catheter, as a camera cannot capture the side motions of the catheter well from outside the MRI scanner bore.
B. Estimation of Material Parameters
Estimation of catheter deflection using the model presented in Section III requires the mechanical parameters of the catheter material. The material of the catheter tubing used for manufacturing the catheter prototype is silicone. However, the manufacturer only provided a relatively large range of the mechanical parameters, not their specific values. Therefore, the mechanical parameter values of the catheter material is estimated using a small subset of the experimental deflection data collected.
The mechanical properties of silicon-based polymer material are summarized in [32] . The ranges of Young's modulus, density, and Poisson ratio are from 1 to 50 MPa, from 1100 to 2300 kg/m 3 , and from 0.47 to 0.49, respectively. The density of the tubing material was measured to be approximately 1120 kg/m 3 , as it is made of a homogeneous material. Noting that the provided range of Poisson ratio is very tight, a value of 0.47 was used in the model. As the prototype carries six coils and the wires for these coils pass through the inner tunnel of the catheter to connect to the current source, all these factors will affect the ultimate flexural rigidity of the catheter together with the material of the tubing. The model approximates the catheter prototype to have a uniform flexural rigidity along the shaft. Given these observations, and the given large range of the Young's modulus provided (covering a 50x range), it was necessary to experimentally estimate the Young's modulus value.
As it can be seen in Figs. 11-16 , the initial shape of the catheter in each case is not straight due to uncertain initial bending of the catheter. The initial deflections are not all the same in each case as the experiments were conducted in different days. In order to validate the model with the experiment results, this rest bending of the catheter is approximately modeled by an external force acting on the catheter tip, which also needs to be estimated.
Four experimental data points selected from each case together with the corresponding rest shapes of the catheter (corresponding to zero current value) were used for estimating the Young's modulus and the virtual external forces. 8 The estimation was performed by minimizing the errors between the actual deflection and the estimated deflection, including the tip deflection errors and the shape estimation errors, which are described in Section IV-D. The resulting estimate of the Young's modulus is 10.15 MPa.
C. Validation Results
The validation results of the proposed model are presented in Figs. 11-18 . The deflection of the catheter estimated by the model (a yellow dashed curve with green cross markers representing the end points of the segments) is superimposed on the MR images showing actual deflections of the catheter for each of the different experiment sets in Figs. 11-16 . In this paper, the number of the segments on the catheter is 27. Fig. 17(a) presents the actual tip deflection of the catheter for the different excitation cases. Fig. 17(b) represents the error between the estimated and actual tip deflections (the lateral distance from the actual tip position and the estimated tip position). The maximum errors for each case are 3.75, 2.34, 3.51, 4.70, 3.24, and 2.65 mm, respectively, which demonstrate that the model estimates the tip locations well.
Additionally, the error between the estimated and actual shape of the catheter is reported in Fig. 18 . The shape error is calculated using the position errors between the locations of the segment end points on the estimated and actual shapes of the catheter. The RMS errors calculated from these difference errors are shown in Fig. 18(a) shown in Fig. 18(b) . The maximum difference errors among all the difference errors of all the segments for each case are 8.21, 11.24, 12.49, 10.28, 9.35, and 7.78 mm, respectively.
VI. DISCUSSION
The catheter's deflections estimated by the proposed model match with the experimental results. The maximum tip deflection error is 4.70 mm. The estimated shapes of the catheter also match the actual shapes of the catheter in MR images. The maximum RMS error of the shape estimation is 3.48 mm and the maximum error is 12.49 mm.
The number of segments, which determines the length of each of the segments used in the model, affects the computation speed of the model and the accuracy. To demonstrate these effects, the Case 1-c is used as an example to evaluate the effects of segment length. Fig. 19 shows the relationship between the RMS errors of shape estimation and the choice of the segment length used in the model. Table II shows the corresponding computation times. 9 The results show that the computation time increases 9 The computation time for the catheter deflection model calculations were measured on a laptop computer equipped with Intel(R) Core(TM)2 Duo CPU T9400 at 2.53 GHz and 6.0 GB memory, running 64-bit Microsoft Windows 7 operating system. The model was implemented in MATLAB (version R2012b). with the number of segments. The results also show that the model error decreases as the segment length decreases up to a certain level at which point the unmodeled effects start to dominate.
In order to evaluate the assumption of the approximation of the arc length in (13) , two experimental cases (Current Index 8 in Case 1-a and Current Index 6 in Case 1-c) are arbitrarily selected. For the Current Index 8 in Case 1-a, the maximum difference between the arc length of a segment and its original length when the catheter is in its initial configuration is 0.23 mm.
For the Current Index 6 in Case 1-c, the maximum difference between the arc length of a segment and its original length is 0.23 mm. This value, 0.23 mm, is computed by the curve length s subtracted from the original segment length z.
Compared to the original length of the segment, 5.92 mm, this difference change is not significant. Therefore, the assumption is reasonable.
As it can be seen from Figs. 11-16, sometimes the MRI images have unknown white noise and white artifacts. One of the potential sources of the white noise is the currents passing through the cable which is placed inside the MRI room and connects the circuit controller box and the coils. The white artifacts may be caused by the tiny movements of the water inside the aquarium tank due to the deflection motion of the catheter. Occasionally, this noise and artifacts may jeopardize the quality of the MRI images.
The limitation of the paper is that the deflection measurement method to manually identify the shape of the catheter from MRI images is time-consuming and cannot be applied to the control of the catheter in the future. As the locations of the artifacts on the coils are easily detected, it may provide a potential approach to automatically track the catheter in real time. Another limitation is that this paper only validates the proposed model in motion in a single cross-sectional image plane. Capturing nonplanar deflections would require reconstruction of the catheter shape from a series of coronal slices. This approach has not been pursued in this paper, as it introduces additional measurement errors. It is also important to note that the closed-loop control of the catheter motion has not been considered, and is outside the scope of this paper.
VII. CONCLUSION
In this paper, a 3-D free space deflection model of a steerable catheter, which is actuated by an array of active steering coils in a magnetic field, is presented. In the proposed method, the catheter is modeled as a series of finite segments. The deflection displacement and torsion angle for each segment at the quasi-static equilibrium condition are calculated using beam theory.
